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Bemerkungen 
Remarks 

Kinematik und Kinetik 
des geschränkten Kurbeltriebes 

Kinematics and Kinetics 
of the offset crank mechanism 

 

 Funktionsprinzip / Skizze Functional principle / Sketch 00 

Jeder kennt es! 
Everybody kwows it! 

 

01 

Parameter 
1

𝜆
=

𝑙

𝑟
 𝑒 =

𝑦

𝑟
 ℎ̅ = ℎ/𝑟 𝑥̅(𝑡) =

𝑥(𝑡)

𝑟
 𝑥̇̅(𝑡) =

𝑥̇(𝑡)

𝑟 ∙ 𝜔
 𝑥̈̅(𝑡) =

𝑥̈(𝑡)

𝑟 ∙ 𝜔2
 𝐴𝑘 =

𝜋 ∙ 𝑑2

4
 02 

 Geometrie und Kinematik Geometry and Kinematics 00 

𝜑(𝑡)[ °] = °𝐾𝑊 𝜑(𝑡) = 𝜔 ∙ 𝑡  𝜑̇(𝑡) = 𝜔  01 

𝑐𝑜𝑠𝛽 = √1 − 𝑠𝑖𝑛2𝛽 𝑠𝑖𝑛𝛽 =
𝑦+𝑟∙𝑠𝑖𝑛𝜑

𝑙
  𝑐𝑜𝑠𝛽 = √1 −

(𝑦+𝑟∙𝑠𝑖𝑛𝜑)2

𝑙2   02 

 𝑠𝑖𝑛𝛽 = 𝜆 ∙ (𝑒 + 𝑠𝑖𝑛𝜑)  𝑐𝑜𝑠𝛽 = √1 − 𝜆2 ∙ (𝑒 + 𝑠𝑖𝑛𝜑)2  03 

𝑠𝑖𝑛𝛽 =
1

𝜆
∙ (𝑒 + 𝑠𝑖𝑛𝜑) 

𝑑

𝑑𝑡
[𝑠𝑖𝑛𝛽] = 𝛽̇(𝑡) ∙ 𝑐𝑜𝑠𝛽 = 𝜔 ∙ 𝜆 ∙ 𝑐𝑜𝑠𝜑 𝛽̇(𝑡) = 𝜔 ∙ 𝜆 ∙

𝑐𝑜𝑠𝜑

𝑐𝑜𝑠𝛽
=

𝜔 ∙ 𝜆 ∙ 𝑐𝑜𝑠𝜑

√1 − 𝜆2 ∙ (𝑒 + 𝑠𝑖𝑛𝜑)2
 04 

    05 

OT 𝑂𝑇 = √(𝑙 + 𝑟)2 − 𝑦2  𝑂𝑇: 𝑠𝑖𝑛𝛽(𝑥 = 0) =
𝑒

1+𝜆
 𝑂𝑇̅̅ ̅̅ = √(

1

𝜆
+ 1)

2

− 𝑒2 06 

UT  𝑈𝑇 = 𝑙 ∙ √(𝑙 − 𝑟)2 − 𝑦2 𝑈𝑇:  𝑠𝑖𝑛𝛽(𝑥 = 𝑥𝑚𝑎𝑥) =
𝑒

1−𝜆
 𝑈𝑇̅̅ ̅̅ = √(

1

𝜆
− 1)

2

− 𝑒2 07 

 ℎ = 𝑂𝑇 − 𝑈𝑇 = √(𝑙 + 𝑟)2 − 𝑦2 − √(𝑙 − 𝑟)2 − 𝑦2  ℎ̅ = 𝑂𝑇̅̅ ̅̅ − 𝑈𝑇̅̅ ̅̅ = √(
1

𝜆
+ 1)

2
− 𝑒2 − √(

1

𝜆
− 1)

2
− 𝑒2  08 

 Kolbenweg 𝒙(𝒕) Piston travel 𝒙(𝒕) 00 

 𝑥(𝑡) = 𝑂𝑇 − 𝑟 ∙ 𝑐𝑜𝑠𝜑 − 𝑙 ∙ 𝑐𝑜𝑠𝛽  01 

 𝑥(𝑡) = 𝑂𝑇 − 𝑟 ∙ 𝑐𝑜𝑠𝜑 − 𝑙 ∙ √1 − 𝜆2 ∙ (𝑒 + 𝑠𝑖𝑛𝜑)2    02 

𝑥̅(𝑡) =
𝑥(𝑡)

𝑟
  𝑥(𝑡) = 𝑟 ∙ (√(

1

𝜆
+ 1)

2

− 𝑒2 − 𝑐𝑜𝑠𝜑 − √
1

𝜆2 − (𝑒 + 𝑠𝑖𝑛𝜑)2)  [𝑚]  𝑥̅(𝑡) = √(
1

𝜆
+ 1)

2

− 𝑒2  − 𝑐𝑜𝑠𝜑 − √
1

𝜆2
− (𝑒 + 𝑠𝑖𝑛𝜑)2    [−]   03 

 Kolbengeschwindigkeit 𝒙̇(𝒕) Piston velocity 𝒙̇(𝒕) 00 

𝛽̇(𝑡) = 𝜔 ∙ 𝜆 ∙
𝑐𝑜𝑠𝜑

𝑐𝑜𝑠𝛽
 𝑥̇(𝑡) =

𝑑

𝑑𝑡
[𝑥(𝑡)] ∙

𝑑𝜑

𝑑𝑡
= 𝑟 ∙ 𝜔 ∙ 𝑠𝑖𝑛𝜑 + 𝑙 ∙ 𝛽̇ ∙ 𝑠𝑖𝑛𝛽     01 

𝑑𝜑

𝑑𝑡
= 𝜔,  𝑡𝑎𝑛𝛽 =

𝑠𝑖𝑛𝛽

𝑐𝑜𝑠𝛽
,  𝑥̇(𝑡) = 𝑟 ∙ 𝜔 ∙ 𝑠𝑖𝑛𝜑 + 𝑙 ∙ 𝜔 ∙ 𝜆 ∙ 𝑐𝑜𝑠𝜑 ∙

𝑠𝑖𝑛𝛽

𝑐𝑜𝑠𝛽
  02 

𝑙 ∙ 𝜆 = 𝑟 
 

𝑥̇̅(𝑡) =
𝑥̇(𝑡)

𝑟∙𝜔
  

𝑥̇(𝑡) = 𝑟 ∙ 𝜔 ∙ (𝑠𝑖𝑛𝜑 + 𝑐𝑜𝑠𝜑 ∙
𝑒+𝑠𝑖𝑛𝜑

√
1

𝜆2−(𝑒+𝜆∙𝑠𝑖𝑛𝜑)2
)  [

𝑚

𝑠
]  𝑥̇̅(𝑡) = 𝑠𝑖𝑛𝜑 + 𝑐𝑜𝑠𝜑 ∙

(𝑒+𝑠𝑖𝑛𝜑)

√
1

𝜆2−(𝑒+𝑠𝑖𝑛𝜑)2
  [−]  

03 

 Kolbenbeschleunigung 𝒙̈(𝒕) Piston acceleration 𝒙̈(𝒕) 00 

𝑡𝑎𝑛𝛽 =
𝑠𝑖𝑛𝛽

𝑐𝑜𝑠𝛽
 𝑥̈(𝑡) =

𝑑

𝑑𝑡
[𝑥̇(𝑡)] = 𝑟 ∙ 𝜔 ∙

𝑑

𝑑𝑡
[𝑠𝑖𝑛𝜑 + 𝑐𝑜𝑠𝜑 ∙ 𝑡𝑎𝑛𝛽]  01  

𝑑

𝑑𝑡
[𝑡𝑎𝑛 𝛽] =

𝛽̇

𝑐𝑜𝑠2𝛽
 𝑥̈(𝑡) =

𝑑

𝑑𝑡
[𝑥̇(𝑡)] = 𝑟 ∙ 𝜔 ∙ (𝑐𝑜𝑠𝜑 − 𝜔 ∙ 𝑠𝑖𝑛𝜑 ∙ 𝑡𝑎𝑛𝛽 + 𝑐𝑜𝑠𝜑 ∙

𝛽̇

𝑐𝑜𝑠2𝛽
)  02 

(
𝑢

𝑣
)

′

=
𝑣∙𝑢′−𝑢∙𝑣′

𝑣2   𝑥̈(𝑡) = 𝑟 ∙ 𝜔2 ∙ (𝑐𝑜𝑠𝜑 − 𝑠𝑖𝑛𝜑 ∙
𝜆∙(𝑒+𝑠𝑖𝑛𝜑)

√1−𝜆2∙(𝑒+𝑠𝑖𝑛𝜑)2
+ 𝑐𝑜𝑠𝜑 ∙

𝜆∙𝑐𝑜𝑠𝜑

√1−𝜆2∙(𝑒+𝑠𝑖𝑛𝜑)2

1−𝜆2∙(𝑒+𝑠𝑖𝑛𝜑)2 )  03 

𝑥̈̅(𝑡) =
𝑥̈(𝑡)

𝑟 ∙ 𝜔2
 𝑥̈(𝑡) = 𝑟 ∙ 𝜔2 ∙ (𝑐𝑜𝑠𝜑 − 𝜆 ∙

𝑠𝑖𝑛𝜑∙(𝑒+𝑠𝑖𝑛𝜑)∙(1−𝜆2∙(𝑒+𝑠𝑖𝑛𝜑)2)−𝑐𝑜𝑠2𝜑

(√1−𝜆2∙(𝑒+𝑠𝑖𝑛𝜑)2)
3 ) [

𝑚

𝑠2
]  𝑥̈(𝑡) = (𝑐𝑜𝑠𝜑 − 𝜆 ∙

𝑠𝑖𝑛𝜑∙(𝑒+𝑠𝑖𝑛𝜑)∙(1−𝜆2∙(𝑒+𝑠𝑖𝑛𝜑)2)−𝑐𝑜𝑠2𝜑

(√1−𝜆2∙(𝑒+𝑠𝑖𝑛𝜑)2)
3 ) [−]  04 
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 Kräfte, Moment, Leistung Forces, moment, power 00 

 𝑝(𝑡) 𝐹𝐾 = 𝑝(𝑡) ∙ 𝐴𝐾 01 

 

𝐹𝑆𝑡 =
𝐹𝐾

𝑐𝑜𝑠𝛽
= 𝐹𝐾 ∙

1

√1 − 𝜆2 ∙ (𝑒 + 𝑠𝑖𝑛𝜑)2
 𝐹𝑁 = 𝐹𝐾 ∙

𝑠𝑖𝑛𝛽

𝑐𝑜𝑠𝛽
= 𝐹𝐾 ∙

𝜆 ∙ (𝑒 + 𝑠𝑖𝑛𝜑)

√1 − 𝜆2 ∙ (𝑒 + 𝑠𝑖𝑛𝜑)2
 02 

  03 

𝐹𝑅 = 𝐹𝑆𝑡 ∙ cos(𝜑 + 𝛽) = 𝐹𝐾 ∙
cos (𝜑 + 𝛽)

𝑐𝑜𝑠𝛽
 𝐹𝑇 = 𝐹𝑆𝑡 ∙ sin(𝜑 + 𝛽) = 𝐹𝐾 ∙

sin (𝜑 + 𝛽)

𝑐𝑜𝑠𝛽
 04 

cos (𝜑 + 𝛽) = 𝑐𝑜𝑠𝜑 ∙ 𝑐𝑜𝑠𝛽 − 𝑠𝑖𝑛𝜑 ∙ 𝑠𝑖𝑛𝛽 sin(𝜑 + 𝛽) = 𝑠𝑖𝑛𝜑 ∙ 𝑐𝑜𝑠𝛽 + 𝑐𝑜𝑠𝜑 ∙ 𝑠𝑖𝑛𝛽 05 

𝐹𝑅 = 𝐹𝐾 ∙
𝑐𝑜𝑠𝜑 ∙ 𝑐𝑜𝑠𝛽 − 𝑠𝑖𝑛𝜑 ∙ 𝑠𝑖𝑛𝛽

𝑐𝑜𝑠𝛽
 𝐹𝑇 = 𝐹𝐾 ∙

sin 𝜑 ∙ 𝑐𝑜𝑠𝛽 + 𝑐𝑜𝑠𝜑 ∙ 𝑠𝑖𝑛𝛽

𝑐𝑜𝑠𝛽
 06 

𝐹𝑅 = 𝐹𝐾 ∙ (𝑐𝑜𝑠𝜑 −
𝜆∙𝑠𝑖𝑛𝜑∙(𝑒+𝑠𝑖𝑛𝜑)

√1−𝜆2∙(𝑒+𝑠𝑖𝑛𝜑)2
)  𝐹𝑇 = 𝐹𝐾 ∙ (sin 𝜑 +

𝜆 ∙ 𝑐𝑜𝑠𝜑 ∙ (𝑒 + 𝑠𝑖𝑛𝜑)

√1 − 𝜆2 ∙ (𝑒 + 𝑠𝑖𝑛𝜑)2
) 07 

momentan / at the moment 𝑀𝑡(𝜑) = 𝐹𝑅(𝜑) ∙ 𝑟 𝑃(𝜑) = 𝐹𝑇(𝜑) ∙ 𝑟 ∙ 𝜔 08 

Mittelwert / average value 

𝜙 = 2𝜋, 4𝜋, … 
𝑀𝑡𝑚 =

𝑟

𝜙
∙ ∫ 𝐹𝑇(𝜑)

Φ

0

𝑑𝜑 𝑃𝑚 =
𝜔 ∙ 𝑟

𝜙
∙ ∫ 𝐹𝑇(𝜑)

Φ

0

𝑑𝜑 09 

   10 

 

Die Wurzeln der exakten Gleichungen können durch die ersten beiden Glieder der Potenzreihe genähert werden. Damit ergeben sich 
unkomplizierte Gleichungen mit ausreichender Genauigkeit für die weitere Verwendung (Differenzieren, Integrieren). 
The roots of the exact equations can be approximated by the first two terms of the power series. This provides uncomplicated equations 
with sufficient accuracy for further use (differentiating, integrating). 

00 

 

 Von der exakten Gleichung zur  Näherungsgleichung 
From the exact equation to the approximate equation 

00 

        Kolbenweg 
        Piston travel 

Exakte Gleichung 
Exact equation 

𝒙(𝒕) = 𝒓 ∙ (√(
𝟏

𝝀
+ 𝟏)

𝟐

− 𝒆𝟐  − 𝒄𝒐𝒔𝝋 −
𝟏

𝝀
√𝟏 − 𝝀𝟐 ∙ (𝒆 + 𝒔𝒊𝒏𝝋)𝟐    )  01 

 
Dimensionlose Gleichung 

Dimensionless equation 
𝒙(𝒕) = √(

𝟏

𝝀
+ 𝟏)

𝟐

− 𝒆𝟐  − 𝒄𝒐𝒔𝝋 −
𝟏

𝝀
√𝟏 − 𝝀𝟐 ∙ (𝒆 + 𝒔𝒊𝒏𝝋)𝟐  02 

Die beiden ersten Glieder der Potenzreihe [1]  
The first two members of the power series 

√1 − 𝑦 = 𝟏 −
𝟏

𝟐
∙ 𝒚 −

1∙1

2∙4
∙ 𝑦2 −

1∙1∙3

2∙4∙6
∙ 𝑦3 −

1∙1∙3∙5

2∙4∙6∙8
… ≈ 1 −

𝜆2

2
∙ (𝑒 +∙ 𝑠𝑖𝑛𝜑)2  03 

Näherung der Wurzelterme 
Approximation of the radicals (roots) 

√1 − 𝜆2 ∙ (𝑒 + 𝑠𝑖𝑛𝜑)2 ≈ 1 −
𝜆2

2
∙ (𝑒 + 𝑠𝑖𝑛𝜑)2  04 

√(
1

𝜆
+ 1)

2
− 𝑒2 = (

1

𝜆
+ 1) ∙ √1 −

𝜆2∙𝑒2

(1+𝜆)2
≈ (

1

𝜆
+ 1) ∙ (1 −

1

2
∙

𝜆2∙𝑒2

(1+𝜆)2
) =

1

𝜆
+ 1 −

1

2
∙

𝜆∙𝑒2

1+𝜆
  05 

  06 

Ersetzen der Wurzel 
Replace of the radical (root) 

𝑥̅(𝑡) =
1

𝜆
+ 1 −

1

2
∙

𝜆∙𝑒2

1+𝜆
− 𝑐𝑜𝑠𝜑 −

1

𝜆
∙ (1 −

𝜆2

2
∙ (𝑒 + 𝑠𝑖𝑛𝜑)2)  07 

 𝑥̅(𝑡) =  −
1

2
∙

𝜆∙𝑒2

1+𝜆
+ 1 − 𝑐𝑜𝑠𝜑 +

𝜆

2
∙ (𝑒 + 𝑠𝑖𝑛𝜑)2  08 

𝑠𝑖𝑛2𝜑 ==
1

2
(1 − 𝑐𝑜𝑠2𝜑) 𝑥̅(𝑡) =  −

1

2
∙

𝜆∙𝑒2

1+𝜆
+ 1 − 𝑐𝑜𝑠𝜑 +

𝜆

2
∙ (𝑒2 + 2 ∙ 𝑒 ∙ 𝑠𝑖𝑛𝜑 + 𝑠𝑖𝑛2𝜑)  09 

 𝑥̅(𝑡) =
𝜆

2
∙ 𝑒2 −

1

2
∙

𝜆∙𝑒2

1+𝜆
+  1 − 𝑐𝑜𝑠𝜑 + +𝜆 ∙ 𝑒 ∙ 𝑠𝑖𝑛𝜑 +

𝜆

4
(1 − 𝑐𝑜𝑠2𝜑)  10 

 𝑥̅(𝑡) =
𝜆2∙𝑒2

2∙(1+𝜆)
   + 1 − 𝑐𝑜𝑠𝜑 + 𝜆 ∙ 𝑒 ∙ 𝑠𝑖𝑛𝜑 +

𝜆

4
(1 − 𝑐𝑜𝑠2𝜑)  11 

  12 

Kolbenweg 
Piston path 

𝑥(𝑡) = 𝑟 ∙ (
𝜆2∙𝑒2

2∙(1+𝜆)
     + 1 − 𝑐𝑜𝑠𝜑 + 𝜆 ∙ 𝑒 ∙ 𝑠𝑖𝑛𝜑 +

𝜆

4
(1 − 𝑐𝑜𝑠2𝜑) )  13 

             Allgemein  
             General 

𝑥̅(𝑡) =
𝜆2∙𝑒2

2∙(1+𝜆)
    + 1 − 𝑐𝑜𝑠𝜑 + 𝜆 ∙ 𝑒 ∙ 𝑠𝑖𝑛𝜑  +

𝜆

4
(1 − 𝑐𝑜𝑠2𝜑)  14 

𝑒 = 0 𝑥̅(𝜑) = 1 − cos 𝜑 +
𝜆

4
∙ (1 − cos(2 ∙ 𝜑)) 15 

  16 

Geschwindigkeit 
Velocity 

𝑥̇(𝑡) = 𝑟 ∙ 𝜔 ∙ (𝑠𝑖𝑛𝜑 + 𝜆 ∙ 𝑒 ∙ 𝑐𝑜𝑠𝜑 +
𝜆

2
∙ 𝑠𝑖𝑛2𝜑)  17 

              Allgemein  
              General 

𝑥̇̅(𝑡) = 𝑠𝑖𝑛𝜑 + 𝜆 ∙ 𝑒 ∙ 𝑐𝑜𝑠𝜑 +
𝜆

2
∙ 𝑠𝑖𝑛2𝜑  18 

𝑒 = 0 𝑥̇̅(𝑡) = 𝑠𝑖𝑛𝜑 +
𝜆

2
∙ 𝑠𝑖𝑛2𝜑  19 

  20 

Beschleunigung 
Accelleration 

𝑥̈(𝑡) = 𝑟 ∙ 𝜔2 ∙ (𝑐𝑜𝑠𝜑 − 𝜆 ∙ 𝑒 ∙ 𝑠𝑖𝑛𝜑 + 𝜆 ∙ 𝑐𝑜𝑠2𝜑)  21 

             Allgemein  
             General 

𝑥̈̅(𝑡) = 𝑐𝑜𝑠𝜑 − 𝜆 ∙ 𝑒 ∙ 𝑠𝑖𝑛𝜑 + 𝜆 ∙ 𝑐𝑜𝑠2𝜑  22 

𝑒 = 0 𝑥̈̅(𝑡) = 𝑐𝑜𝑠𝜑 + 𝜆 ∙ 𝑐𝑜𝑠2𝜑  23 
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